Abstract. We introduce a model for a periodically driven electron pump that sequentially interact with an arbitrary number of heat and particle reservoirs. Exact expressions for the thermodynamic fluxes, such as entropy production and particle flows are derived arbitrarily far from equilibrium. We use the present model to perform a comparative study of thermodynamic uncertainty relations that are valid for systems with time-periodic driving.
Introduction
Over the last few decades, stochastic thermodynamics has emerged as a theory to describe the thermodynamic properties of mesoscopic systems using Markov dynamics [1, 2]. It does not only reproduce the fundamental results from classical thermodynamics, but also introduces several new concepts, such as the Jarzynski equality [3, 4] , the thermodynamics of information processing [5] , the thermodynamics of phase transitions [6, 7, 8, 9, 10] , an extension of linear irreversible thermodynamics to time-periodic systems [11, 12, 13, 14, 15] and others. Furthermore, technological advancements have opened up the possibility to probe these theoretical predictions on real microscopic systems [16, 17, 18, 19] .
Recently, a general bound, known as the thermodynamic uncertainty relations (TUR) has been derived [20, 21, 22, 23, 24] . It shows for steady-state Markov systems that the signal to noise ratio of any thermodynamic flux is bounded by half the entropy production rate. Such a relationship has been used to infer the entropy production rate [25, 26, 27, 28] and to bound the performance of mesoscopic heat engines [29] . Furthermore, it has been verified experimentally [30, 31] , linked to the fundamental symmetries of the system [32, 33, 34] , and several extensions to other thermodynamic observables have been derived [35, 36] . One can however show that the original TUR does not hold for systems with time-periodic driving [37, 38] . Several extensions of the original TUR have been proposed [39, 40, 41, 42, 43, 44] , raising the question of how tight they are and how they perform in different regimes. Such a quantitative comparison has however not been done.
One of the drawbacks concerning the study of periodically driven systems is that the number of exactly solvable models is rather limited. One notable exception is the electron pump model, derived by Rosas et al. [45, 46] . In this model, a system is sequentially brought into contact with two or three reservoirs, which allows for the transfer of electrons between those reservoirs. Here, we extend those results to a model with an arbitrary number of reservoirs.
One of the strengths of this model is that one has full access to all relevant quantities, such as number of thermodynamic fluxes, their affinities and the driving period. Therefore, it is possible to look at several regimes, such as the near equilibrium regime (where the thermodynamic fluxes can be determined from the Onsager coefficients) and the regime where one of the affinities is much larger than the others. This flexibility makes the system the perfect toy model to do a quantitative comparison of the time-periodic thermodynamic uncertainties relations. This paper is organized as follows. In Sec. 2 we describe the model and show how the solutions from [45, 46] can be extended to an arbitrary number of reservoirs. These results are used in Sec. 3 to study the stochastic thermodynamics of our model. In Sec. 4, we give an overview of the existing thermodynamic uncertainty relations for time-periodic systems. We compare those uncertainty relations in the context of the electron pump model in Sec. 5. Finally, our conclusions are discussed in Sec. 6.
Model and exact solution
The model under study consists of a single-level quantum dot, that can be empty or occupied by a single electron. The quantum dot is sequentially placed in contact with one of the N electron reservoirs for a duration τ , after which it is decoupled from that reservoir and coupled to the next one, c.f. Fig. 1 . The total period of one cycle is τ = N τ , after which the system returns to its initial configuration and electrons may have been transferred between the reservoirs. Figure 1 . Description of the system composed of a quantum dot in contact with reservoir 2. After an amount of time τ , the quantum dot will be decoupled from reservoir 2 and coupled to reservoir 3.
When the quantum dot is in contact with a given reservoir i, its dynamics is described by the master equatioṅ
where p(t) denotes the probability of the quantum dot being occupied by an electron at time t. For t ∈ [(i − 1)τ , iτ ], ω(t) and ω(t) denote the transition rate for an electron to jump from the i-th reservoir to the system and vice versa. Throughout this paper, we shall assume that, for all i = {1, . . . , N }, the jump rates are constant, ω(t) = ω i and
When the system is placed in contact with only one reservoir i, it will relax to an equilibrium state p
This will no longer be true when the quantum dot is periodically connected to different reservoirs for a finite amount of time. In that case, the reservoirs exchange electrons and the system continuously produces entropy. One can however find p(t) by solving the master equation, Eq. (1), explicitly, which leads to
for (i − 1)τ < t < iτ . Since p(t) is continuous and the driving is periodic, the system relaxes to a time-periodic steady-state distribution, p(t + τ ) = p(t), which can be obtained solely in terms of the transition rates and the period:
where we introduced ∆ i,j ≡ p eq i − p eq j and ξ i,j ≡ exp{−τ j n=i (ω n + ω n )}. We pause to make a few comments. First, a time-independent equilibrium distribution is recovered when ∆'s vanish. Second, the above general expression reduces to the results derived in Refs. [45] and [46] for N = 2 and 3 respectively. Third, in the limit of slow oscillations, p ss (t) essentially corresponds to an equilibrium distribution p eq i . The mean electron flux into reservoir i is given by the difference between the probabilities of the quantum dot being occupied at the beginning of the interaction with reservoir i and the probability for the quantum dot to be occupied at the end,
One can easily check that this expression satisfies the property N i=1 J i = 0, as would be expected. Furthermore, one can also derive an expression for the variance of the flux per cycle:
Stochastic Thermodynamics
Having defined the dynamics of the system, we are now ready to introduce its stochastic thermodynamics [1, 2, 47]. In particular, we can define the chemical work fluxẆ
and the heat fluxQ i (t) associated with the i-th reservoir,
for (i−1)τ < t < iτ . Here, we have defined the chemical energy µ i and the energy of the quantum dot . As we are assuming the energy level of the quantum dot to be constant, the mechanical work delivered to the system will be zero. Using the definitions of the electron fluxes, one can also determine the total average delivered amount of chemical work and produced heat per cycle in the steady state:
Due to the periodicity of the system, one hasQ = −Ẇ (chem) , in agreement with the first law of thermodynamics.
The entropy production rate can be determined using Schnakenberg's formula [48] :
After a short calculation, using the results from the previous section, Π can be rewritten to a sum of fluxes J i and associated thermodynamic forces
where J i is given by Eq. (5) and the forces X i read
This structure for the entropy production is a well-known result from classical nonequilibrium thermodynamics [49, 50] . The first reservoir is regarded as a reference, so the thermodynamic forces are quantified by how much they drive the system away from the reference system, similar to [45, 46] . By taking into account the local detailed balance assumption, the entropy production formula can also be rewritten in terms of the heat fluxes:
which gives an expression for the transition rates in terms of the macroscopic variables T i , µ i and . Furthermore, the thermodynamic forces X i can now also be related to
By combing Eqs. (10), (12) and (15), we re-obtain the classical thermodynamic definition for the mean entropy production
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Finally, we mention that it is also possible to apply a near-equilibrium approach to this system, in which Onsager coefficients and reciprocal relations are derived. This will be done in Appendix A.
Time-periodic thermodynamic uncertainty relations
Generically, TURs impose bounds between fluctuations of a given current and the entropy production rate. In its original formulation, it states that for time-independent Markov dynamics, j
where j is the average per unit of time and var(j) is the variance of any flux associated to the system. One can however show that this bound no longer holds in the presence of time-dependent driving, so Eq. (17) generally can not be applied for the electron pump discussed previously. This issue can however be resolved by looking at extensions relations of Eq. (17) . Several of these relations have been derived and the aim of this section is giving a concise overview of them. Although these bounds hold for any flux of the system, we shall cast them in terms of the particle fluxes into the reservoirs, cf. Eqs. (5) and (6) 4.1. Effective entropy production relation A first extension was proposed by Koyuk et al. in Ref. [41] and considers a slight modification of the standard entropy production rate, namely, the effective entropy production Π eff , which, for the electron pump, is given by
where p eff = τ −1 τ 0 p ss (t)dt, the average occupancy of the quantum dot. If one replaces the entropy production in the original TUR, Eq. (17), by the effective entropy production, one can show that
Generalized entropy production relation
A number of different generalizations have been proposed by Barato et al. [43] . Although some of them require extra symmetries which are not satisfied by our model, one can show that a TUR can be derived by defining
where x can be any number between 0 and 1. Here, we set x = p eff . This again leads to a TUR of the form, Eq. (17) Var(J i )
It was shown in [43] that this relation is generally more tight than Eq. (19).
Hysteretic relation
A third TUR valid for periodically driven systems combines the dynamics of the process with the dynamics of a process with time-inverted driving,
In our case, this corresponds to inverting the sequence of reservoirs to which the system is coupled. For the thermodynamic uncertainty relation, one looks at the sum of the flux (and its variance) under forward and time-inverted drivings [42, 51] . Such a "hysteretic" flux satisfies a similar bound to the one derived for time symmetric driving [39] and reads
where J i , J 
Driving frequency relation
The fourth and last TUR we shall look at is a bound introduced by Koyuk et al. [44] , to which we will refer as driving frequency relation, since it takes into account the derivative of the average flux with respect to the driving period. More specifically the driving frequency TUR states that
One advantage of this TUR is that it consists of quantities with clear macroscopic interpretations, that can be directly evaluated from the (forward) time dynamics.
Comparing time-periodic thermodynamic uncertainty relations
Having defined the time-periodic TURs, we are now ready to apply them to our electron pump model. We shall focus on the TURs applied to the particle fluxes J i into each reservoir i. Our analysis will be divided in three parts: firstly, in Figs. 2 and 3, we scale all thermodynamic forces with x. This gives us the possibility to study the near equilibrium regime when x ≈ 0. Secondly, in Fig. 4 we keep all thermodynamic forces apart from X 4 fixed, allowing us to look at situations where one thermodynamic force is much smaller/larger than the others. Finally, in Figs. 5 and 6, we study the dependency of the TURs on the period of the driving 
(blue dotted line), (23) (black full line) and (24) (pink dashed line) for each electron flux J i , these quantities need to be ≥ 1 to satisfy each TUR. We consider the three stage electron pump versus parameter x with affinities X 2 = 0.2x and X 3 = −0.5x. For x = 0 the system is at the equilibrium regime. Other parameters: ω 1 = ω 1 = 0.3, ω 2 = 0.8, ω 3 = 0.2 and τ = 1. In Figs. 2 and 3 , one can see that the TURs are indeed valid, as expected. Furthermore, they seem to converge to a similar value near equilibrium, x ≈ 0, although divergences might occur when the denominators in the TUR go to zero (for example when the average flux J i vanishes). One can also easily check that, although the TURs seem to have a qualitatively similar behaviour over a broad range of parameters there is no TUR which is uniformly better than the others. Thirdly, the behaviour of an electron pump with three reservoirs, Fig. 2 is qualitatively similar to the behaviour of the electron pump with five reservoirs, Fig. 3 . Finally, one can see that the correct choice of flux is important if one wants to infer the entropy production rate from the TUR. For example, in Fig. 2 , one can see that the bound for J 3 is reasonably tight in general, but the bound for J 1 is off by a factor 100 over a broad range of parameters.
This can also be seen in Fig. 4 , where one only varies X 4 . If X 4 is small, the TURs associated with J 4 are generally less tight, while the TURs associated with the other reservoirs are tighter. Meanwhile, the TURs associated with J 4 seem to become tighter for larger X 4 . The reason for this is that for large X 4 , the entropy production is dominated by the contact with the 4th reservoir. Therefore, one can get a good estimate of the total entropy production, or a tight thermodynamic uncertainty relation, by just looking at the 4th flux. On the other hand, all other fluxes become small compared to the entropy production rate, meaning that the TURs associated to the other fluxes become loose.
Finally in Figs. 5 and 6 , we study the dependency of the TURs on the period of the driving. The main conclusion here is that the TURs are generally more tight for short driving periods. Furthermore, every TUR except for the hysteretic one seems to diverge in the slow driving limit. In particular the driving TUR seems to perform poorly in the slow-driving limit. 
(blue dotted line), (23) (black full line) and (24) (pink dashed line) for each electron flux J i , these quantities need to be ≥ 1 to satisfy each TUR. We consider the five stage electron pump versus parameter x with affinities X 2 = 0.05, X 3 = −0.1, X 4 = x and X 5 = 0.1. For large |x|, the absolute value of the affinity X 4 is much larger then the others. Also, we considered ω 1 = ω 1 = 0.3, ω 2 = 0.8, ω 3 = 0.2, ω 4 = 0.3, ω 5 = 0.5 and τ = 1.
Conclusions
We studied the nonequilibrium properties of a single-particle stochastic pump sequentially placed in contact with an arbitrary number of reservoirs. Exact expressions for fluxes and thermodynamic quantities are found arbitrarily far from equilibrium. We tested and verified several TURs for time-periodic systems. Although those TURs might be used to estimate the order of magnitude of the entropy production rate, there is, at least for the present model, not a single TUR that is generally tight, and different TURs seem to perform better in different regimes. It would be interesting to see whether one can overcome this issue by looking at combined fluxes, which might lead to hyperaccurate currents for which the TUR becomes tight [28] . Furthermore, it would be interesting to see how the TURs compare for other periodically driven systems. 
Appendix A. Linear regime and Onsager coefficients
In this appendix, we derive the reciprocal relations for the system exposed to an arbitrary number of sequential reservoirs. For steady-state systems the Onsager coefficient generally satisfy the so called Onsager reciprocal relations, L ij = L ji . This is no longer the case for systems with time-dependent drivings, since it breaks the time-reversal symmetry. In the case of continuous time periodically drivings, Onsager symmetry is replaced by the weaker Onsager-Casimir reciprocal relations, which relates the Onsager coefficients under timeforward driving to the cross-coefficient of time-inverted driving,
where theL attempts to the inverted driving. Since in the present case the system is placed in contact with one reservoir per time (sequential exposure), the temporal symmetry is broken and the protocol needs to be updated, hence one expects a different structure for reciprocal relations. In order to obtain them, let us first introduce the "reduced levels of occupancy" ν i = ω i /ω i and from the linear expansion of the mean
where once again the subscript "eq" refers to the equilibrium case in which X i = 0 (or ν i = ν, ∀i). For j ≤ i and m = {1, 2, . . . , N } they are then given by
3) and for j > i and m = {1, 2, . . . , N } they are
Above expressions are held valid for an arbitrary number of reservoirs N . The actual time reversal consists of reversing the order of interactions. Since the process is cyclic, it can be accomplished by taking the backward sequence {N, N − 1, . . . , 1}, it is worth noting that the reference reservoir in the reversed dynamics is the N -th, i.e., we assume that the equilibrium state is p eq N . Taking for instance the forward process and its reverse order as sketched in Figs. A1 and A2, the values of ω i ,ω i will be exchanged. Thereby, the indexes of the coefficients must be exchanged.
The Onsager-Casimir relation states that L i,j =L j,i for systems with broken timesymmetry, but this relation is not fulfilled in our case because the process also has its Figure A1 . The sequence of reservoirs for the quantum dot at each interval τ /N and at the end of the trajectory it is transported to the beginning. Analogous result can be obtained for i ≤ j. Thereby, the reciprocal relation for an arbitrary number of sequential reservoirs reads L i,j =L N −j+1,N −i+1 , mod(N ), (A.8) so the Onsager matrix is persymmetric in relation to the Onsager matrix for the timereversed dynamics. This then completes our proof about the appropriate reciprocal relations for the present case, that do not have time-reversal symmetry and the protocol is also changed. Such above result is valid for an arbitrary number of reservoirs. 
